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Abstract
This study proposes an alternative risk assessment approach for evaluating extreme air pollution events through vine copula 
modeling. Three characteristics of unhealthy air pollution events (i.e., severity, intensity, and duration) in Klang, Malaysia, are 
examined. The vine copula is fitted using sequential maximum likelihood estimation and joint maximum likelihood estima-
tion, with a subsequent comparison based on criteria such as log-likelihood, Akaike’s information criterion, and Bayesian’s 
information criterion. Model fitting and comparison studies demonstrate that the most well-fitted vine copula model, achieved 
through joint maximum likelihood estimation, comprises the Joe, Rotated Tawn type 2 (180 degrees), and Rotated BB8 (90 
degrees) copulas. The positive Kendall's τ correlation coefficient (0.26) for the obtained vine copula indicates that higher 
values of one characteristic are likely to be associated with higher values of the other characteristics, and vice versa. Further-
more, with the upper tail dependence coefficient (0.31) surpassing the lower tail dependence coefficient (0.18), indicating 
stronger dependence in the upper tail of their distribution, this underscores the significance of conducting risk assessments 
for extreme air pollution events characterized by extreme levels of severity, intensity, and duration. A vine copula-based 
simulation study is conducted to delve deeper into the risk assessment, revealing that extreme air pollution events are not 
linked to the highest values of joint and conditional probabilities. These findings suggest that extreme values in those distinct 
characteristics do not consistently occur simultaneously. The return period measures also indicate that extreme air pollution 
events have long waiting periods. Despite the current status of extreme air pollution events in Klang being controllable, 
achieving effective control necessitates ongoing efforts, encompassing regulatory actions, industrial controls, robust public 
transportation programs, and a dedicated transition to cleaner energy sources. This task is crucial for ensuring continuous 
clean air quality, sustaining our environment, and avoiding negative impacts on the economy and public well-being.

Keywords  Air pollution · Risk assessment · Joint distribution · Multivariate statistical modeling · Vine copula · Copula · 
Simulation

1  Introduction

An air pollution event pertains to a specific duration when air 
quality significantly deteriorates, resulting in elevated con-
centrations of pollutants in the atmosphere. Great concern 
has been expressed worldwide regarding air pollution event, 
and various efforts have been made to monitor and control 
it. One of the main contributors to air pollution event is the 

burning of fossil fuels (e.g., coal, petrol, and diesel), which 
produces numerous airborne toxic emissions, particularly 
pollutants like particulate matters (e.g., PM10 and PM2.5) 
(Perera et al. 2019; Shindell and Smith 2019). When inhaled, 
these hazardous particulate matters penetrate the lungs, enter 
the bloodstream, and damage vital organs (Kotcher et al. 
2019; Zhang et al. 2023). On an extreme scale, air pollution 
event can lead to a public health crisis, increasing morbidity 
and mortality rates. Additionally, extreme air pollution event 
can cause various other problems, including financial dete-
rioration, psychological complications, and social instability 
(Gautam and Bolia 2020; Lu 2020).

Typically, the Air Pollution Index (API) is employed to 
monitor unhealthy air pollution events. The API threshold 
for considering air quality as unhealthy is determined by the 
concentration levels of specific pollutants. In the context 

 *	 Mohd Sabri Ismail 
	 sabriismail@ukm.edu.my

	 Nurulkamal Masseran 
	 kamalmsn@ukm.edu.my

1	 Department of Mathematical Sciences, Faculty of Science 
and Technology, Universiti Kebangsaan Malaysia, UKM, 
43600 Bangi, Selangor, Malaysia

http://crossmark.crossref.org/dialog/?doi=10.1007/s00477-024-02682-7&domain=pdf


2332	 Stochastic Environmental Research and Risk Assessment (2024) 38:2331–2358

of health impacts, an air pollution event is unhealthy if the 
API exceeds the threshold of 100. The risk associated with 
an unhealthy air pollution event increases with its duration, 
intensity, and severity levels. Here, the duration, intensity, 
and severity of an unhealthy air pollution event refer to the 
total period of the unhealthy air pollution event, the highest 
value of the API within the unhealthy air pollution event, 
and the total API values within the unhealthy air pollu-
tion event, respectively (Shafaei et al. 2017). Furthermore, 
extreme air pollution events can be defined as those asso-
ciated with exceptionally extreme duration, intensity, and 
severity levels. Avoiding such extreme air pollution events is 
crucial for maintaining stability in social lives, public well-
being, the economy, and the environment.

Extreme air pollution events manifest at extreme levels 
of duration, intensity, and severity, linking the modeling 
of these occurrences closely with the upper tail distribu-
tion (Cirillo and Taleb 2020; Katz 2010). To achieve this, a 
flexible multivariate statistical model, rich in tail behaviors, 
becomes essential. Previous studies have demonstrated that 
duration, intensity, and severity data exhibit skewed and 
asymmetrical distributions, underscoring the importance 
of considering skewed and asymmetric models (Ismail and 
Masseran 2023; Masseran 2021a). Consequently, symmet-
ric distributions such as multivariate normal or multivari-
ate Student's t  distributions are not applicable in this con-
text. The implementation of a multivariate copula is highly 
favorable, as it offers greater flexibility in the dependence 
structure and various tail properties, thereby presenting an 
improved risk assessment model (Bhatti and Do 2019; Li 
et al. 2022). A multivariate copula individually models the 
marginals and defines a copula function to establish a flex-
ible dependence structure from these marginals (Jaworski 
et al. 2010; Joe 2014; Patton 2012). Numerous parametric 
multivariate copula models with parameters controlling the 
strength of the dependence structure and tail properties are 
available. Among the most popular are the Clayton, Joe, and 
Frank copulas (Amini et al. 2022; Kim et al. 2007; Nguyen 
et al. 2016).

Nevertheless, the aforementioned parametric multivari-
ate copula models exhibit two main shortcomings: 1) they 
rely on only one or two parameters to describe the intricate 
dependence structure, and 2) the resulting models, residing 
in a higher-dimensional space, are not easily visualizable 
(Lü et al. 2020). To address these limitations, vine copula 
modeling was introduced. Vine copula, a more powerful 
multivariate copula, is constructed by combining several 
bivariate copulas, also known as pair copulas (Czado and 
Nagler 2022b). This approach capitalizes on the advantages 
of numerous existing parametric pair copulas, using their 
combination to model the dependence structure of depend-
ent data across arbitrary dimensions. All parameters of the 
involved pair copulas are incorporated into the vine copula 

development, enhancing the model's realism in representing 
complex dependence structures. Furthermore, the pair copu-
las of a vine copula can be visualized, making this model 
highly tractable (Joe and Kurowicka 2011). Algorithms for 
maximum likelihood estimation (MLE) and simulation of 
a vine copula were also developed to identify the appropri-
ate vine copula and further simulate the multivariate data 
modeled by the obtained vine copula, respectively (Czado 
2019). Thus, vine copula is highly explainable, practical, and 
reliable in terms of risk assessment performance (Joe et al. 
2010; Pourkhanali et al. 2016).

In the realm of finance, vine copulas have proven effective 
in modeling tail risk for portfolio optimization (Nguyen and 
Liu 2023; Semenov and Smagulov 2019; Zhi et al. 2021). 
Turning to environmental studies, vine copulas have been 
applied to assess water qualities in various watersheds (Arya 
Farid and Zhang 2017). The interconnected river systems' 
water pollution risk has also been scrutinized using vine 
copulas (Yu et al. 2020). Additionally, vine copulas have 
played a role in modeling the dependence structure among 
variables related to pipe conditions, predicting potential pipe 
leakages induced by extreme weather conditions (Atique and 
Attoh-Okine 2016). Flood events, too, have been effectively 
modeled through vine copulas, contributing to the assess-
ment of potential flood hazards (Tosunoglu et al. 2020). 
The application of vine copulas extends to the examination 
of compound floods, unraveling the underlying conditions 
that intensify flood risks (Daneshkhah et al. 2016; Liu et al. 
2018). Furthermore, vine copulas have been instrumental 
in modeling climate-dependent data, with insights drawn 
from these models applied to forecast crop yields in Aus-
tralian wheat and predict the occurrence of extreme climate 
events (Nguyen-Huy et al. 2018). Beyond these domains, 
vine copulas have found application in determining agricul-
tural water allocation under uncertainties (Shan et al. 2021) 
and in fault detection and diagnosis within safety processes 
(Amin et al. 2021).

Focusing on previous studies related to air pollution risk 
analysis, researchers often explore various indexes associ-
ated with this environmental concern, including the API and 
air pollutant indices (Ma et al. 2023; Zhang et al. 2022). 
An illustrative example involves the analysis of particulate 
matter (PM) and nitrogen oxides (NOx) indices, suggesting 
a potential link between long-term exposure to air pollu-
tion and human depression risk (Wu et al. 2023). A com-
prehensive meta-analysis, using graphical representations 
and numerical techniques, has recommended investigating 
air quality indexes and exploring their correlation with the 
burden of disease across sub-Saharan Africa (Madonsela 
2023). Furthermore, PM2.5 levels were examined using the 
TTAinterfaceTrendAnalysis approach to estimate annual 
and monthly trends in PM2.5 across five Indian megaci-
ties (Ravindra et al. 2023). In the realm of forecasting, an 
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ensemble convolutional reinforcement learning gate network 
has been suggested for predicting the PM2.5 index to enhance 
travel safety (Yu et al. 2023). Additionally, a random for-
est model, based on satellite Aerosol Optical Depth (AOD) 
retrievals, has been explored to predict PM10 concentra-
tions (Tuna Tuygun and Elbir 2023). Temporal variations 
of PM2.5 and the influence of meteorological parameters on 
PM2.5 concentrations were investigated for six major cities in 
Central Asia, revealing that coal combustion is the primary 
source of PM2.5 pollution in most cities (Tursumbayeva et al. 
2023).

Moving beyond indexes, particularly in Klang, Malay-
sia, air pollution has been scrutinized by examining the 
characteristics of unhealthy air pollution events, such as 
severity, duration, and intensity, which are integral for 
performing risk analyses on extreme air pollution events. 
Notably, data on the severity, duration, and intensity of 
unhealthy air pollution events are computed from the API, 
following the definition provided in the second paragraph 
above. The corresponding formulas for these measures are 
provided in Sect. 3. In the previous study, duration data 
have been well-fitted using the lognormal distribution, dis-
tinguishing it from the exponential, gamma, and Weibull 
distributions (Masseran et al. 2021). Power law behaviors 
of duration data indicate that extreme air pollution events 
typically extend beyond 33 h (Masseran 2021b). More-
over, power law behaviors of severity data suggest that 
authorities should intervene when extreme severity levels 
surpass the 1221 thresholds (Masseran and Safari 2022). 
Considering these studies, extreme air pollution events in 
Klang are defined to occur at durations exceeding 33 h, 
severity levels surpassing 1221, and intensities exceeding 
300, with reference to Table 1 in Sect. 3 below, consider-
ing the potential impact on public health. Employing the 
intensity–duration–frequency approach has revealed an 
association between intensity and duration, moving in the 
same direction (Masseran and Safari 2020a, b). Simulta-
neously, the generalized extreme value model has been 
applied to study severity and duration data, revealing a 
strong positive correlation in Klang. This underscores 
that prolonged unhealthy air pollution events lead to more 

severe unhealthy air pollution effects (Masseran and Safari 
2022).

Recently, to enhance the understanding of air pollution 
risk behaviors, researchers have applied multivariate copu-
las to model the dependence structure between PM10 and 
other air pollutants (Masseran and Hussain 2020). Further-
more, the application of bivariate copulas has been pivotal 
in determining the dependence structure of severity and 
duration (Masseran 2021a). The intricacies of the bivari-
ate relationships among severity, intensity, and duration—
encompassing pairs such as duration and intensity, sever-
ity and intensity, and duration and severity—have been 
thoroughly explored using bivariate copula models (Ismail 
and Masseran 2023). These investigations have unveiled 
the skewed and asymmetric distribution properties of this 
data. However, to the best of our knowledge, the trivariate 
relationship involving duration, severity, and intensity has 
not yet been modeled using a multivariate copula, specifi-
cally the vine copula. Taking a significant stride forward, 
this study aims to investigate the trivariate relationship 
using the vine copula and then perform a risk assessment 
of extreme air pollution events.

To achieve the aforementioned goal, a vine copula 
model is developed and employed herein to determine the 
most well-fitted distribution for the intensity, duration, and 
severity data. The model utilizes dependency measures, 
such as Kendall’s τ correlation, upper tail dependence, and 
lower tail dependence coefficients, along with other infor-
mation obtained through vine copula simulation, including 
probability measures (i.e., joint and conditional probabili-
ties) and return period measures (i.e., joint OR, joint AND, 
and conditional return periods). These measures are uti-
lized to evaluate the risks associated with extreme air pol-
lution events. By leveraging the information derived from 
the dependency, probability, and return period measures 
of a vine copula, policymakers or regulators can establish 
a systematic framework for assessing the risks of extreme 
air pollution events. This, in turn, will empower authorities 
to take any necessary further action to prevent or reduce 
the effects of extreme air pollution events.

The remainder of this paper is structured as follows: 
Sect. 2 introduces the vine copula as the main method in 

Table 1   API values and their corresponding health effects

API value Health status Health effect

0–50 Good Low pollution with no ill effect on health
51–100 Moderate Moderate pollution that poses no ill effect on health
101–200 Unhealthy Worsens the health conditions of high-risk individuals with heart and lung complications
201–300 Very unhealthy Worsens the health conditions and reduces tolerances to physical exercise in individuals 

with heart and lung complications; affects public health
 > 300 Hazardous Hazardous to high-risk individuals and the public health in general
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this study; Sect. 3 introduces our sample data to analyze 
the risks associated with extreme air pollution events; 
Sect.  4 describes the proposed methodology applied 
herein; Sect. 5 presents and discusses the obtained results; 
and Sect. 6 provides the conclusion.

2 � Vine copula

In this study, the vine copula is employed to assess the 
risks associated with extreme air pollution events. The 
vine copula proves to be more potent than standard mul-
tivariate distributions and multivariate copulas. It stands 
out as a more flexible and tractable multivariate copula 
constructed from pair (conditional) copulas as its funda-
mental building blocks (Czado 2019; Czado and Nagler 
2022b; Joe and Kurowicka 2011).

Before diving into the discussion of the vine copula, 
we will first introduce a multivariate copula, particularly 
emphasizing a bivariate copula (or pair copula). Stemming 
from Sklar’s theorem, a d-dimensional joint distribution F 
is represented as follows by a d-dimensional distribution 
copula C:

In Eq.  (1), x =
(
x1, x2,⋯ , xd

)
 represents the original 

observation, and u =
(
u1, u2,⋯ , ud

)
 denotes a copula 

observation with uniformly distributed marginals. The 
copula observation u is derived from a transformation of 
the original observation x , such that ui = Fi

(
xi
)
∈ [0, 1] , 

where Fi is the marginal distribution of the component xi 
for i = 1,⋯ , d . Therefore, the d-dimensional distribution 
copula C depends on the d-dimensional hypercube [0, 1]d 
(Jaworski et al. 2010; Joe 2014; Sklar 1996).

If the marginal distribution of ui is continuous for all 
i = 1,⋯ , d , then the distribution copula function C is con-
tinuous and unique, and its corresponding density copula 
function c can be obtained as follows using the partial 
derivative:

In addition to the above, a d-dimensional joint density 
f  is also related to the density copula function c formu-
lated as

In Eq. (3), fi
(
xi
)
 is the marginal density of the original 

observation’s component xi for i = 1,⋯ , d.

(1)F
(
x1, x2,⋯ , xd

)
= C

(
u1, u2,⋯ , ud

)
.

(2)c
(
u1, u2,⋯ , ud

)
=

�d

�u1�u2 ⋯ �ud
C
(
u1, u2,⋯ , ud

)
.

(3)f
(
x1, x2,⋯ , xd

)
= c

(
u1, u2,⋯ , ud

)
f1
(
x1
)
⋯ fd

(
xd
)
.

Therefore, a pair copula is a 2-dimensional distribution 
copulaC , denoted byC

(
u1, u2

)
 , with its corresponding den-

sity copula functionc , denoted by c
(
u1, u2

)
 (Jaworski et al. 

2010; Nelsen 2006). As mentioned earlier, pair (conditional) 
copulas serve as crucial building blocks in vine copula mod-
eling. Previous literature introduces several parametric pair 
copulas with distinct features (Genest and Rivest 1993; 
Yan 2023). Two notable examples are Clayton and Frank 
copulas. The Clayton distribution copula C (Clayton 1978; 
Genest and Favre 2007; McNeil et al. 2015) is character-
ized by a parameter � ∈ (0,∞) that controls its dependence 
structure. The Clayton copula exhibits positive dependence, 
reflected in the range of its corresponding Kendall’s � corre-
lation coefficient, which falls within[0, 1] . Further extension 
of the � dependence range can be achieved through coun-
terclockwise rotations of the density copula function c at 
90°, 180°, and 270° angles (Czado 2019). Additionally, the 
Frank distribution copula (Frank 1979; McNeil et al. 2015; 
Nelsen 2006) is defined by a control parameter � ∈ (−∞,∞) 
and� ≠ 0 . The Kendall’s � correlation coefficient range of 
the Frank copula is [−1, 1] , covering the entire dependency 
spectrum, eliminating the need for rotation approaches in 
this case (Czado 2019).

The Kendall’s � correlation coefficient for a pair copula 
is formally computed using a double integral as follows:

In Eq. (4), � depends solely on the underlying pair distri-
bution copula C and proves valuable in assessing the central 
dependency of the observed copula data (Czado and Nagler 
2022b). Two additional dependency measures, namely the 
upper ( �upper ) and lower ( �lower ) tail dependence coefficients, 
can be employed to ascertain the probabilities of the upper 
and lower tail parts, respectively. In the context of air pollu-
tion, �upper signifies the probability of extreme air pollution 
events (Czado and Nagler 2022b). The formulas for �upper 
and �lower are given by:

As a consequence of pair copula decompositions and 
constructions, a d-dimensional density copula c under-
goes transformation into a d-dimensional vine copula. 
This vine copula is a product of the d(d − 1)∕2 building 
blocks, incorporating pair and conditional pair copulas 
(Czado 2019; Czado and Nagler 2022b; Joe and Kurow-
icka 2011). Emphasizing the significance of vine copulas, 

(4)� = 4

1

∫
0

1

∫
0

C
(
u1, u2

)
dC

(
u1, u2

)
− 1.

(5)
𝜆upper = lim

t→1−
P
(
X2 > F−1

2
(t)|X1 > F−1

1
(t)
)
= lim

t→1−

1 − 2t + C(t, t)

1 − t

(6)�lower = lim
t→0+

P
(
X2 ≤ F−1

2
(t)|X1 ≤ F−1

1
(t)
)
= lim

t→0+

C(t, t)

t
.
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this transformation lays the foundation for advanced statis-
tical modeling in various domains. For the sake of simplic-
ity, we will focus our discussion on a three-dimensional 
(3D) vine copula. This choice is particularly relevant for 
examining three key characteristics of air pollution: sever-
ity, intensity, and duration. The 3D (simplified) density 
vine copula, with dimension d = 3 , is represented as:

Here, the control parameter � =
(
�13;2, �23, �12

)
 ; c13;2 is a 

conditional density pair copula that depends on the condi-
tional distribution copulas C1|2

(
u1|u2

)
 and C3|2

(
u3|u2

)
 ; and 

c23 and c12 are the density pair copulas. The pseudo copula 
data C1|2

(
u1|u2

)
 and C3|2

(
u3|u2

)
 in Eq. (7) are computed 

using the h function as follows:

These pseudo copula data C1|2
(
u1|u2

)
 and C3|2

(
u3|u2

)
 

are crucial for selecting the appropriate conditional pair 
copula c13;2 for the vine copula in Eq. (7) (Joe and Kuro-
wicka 2011). The emphasis on vine copulas underscores 
their pivotal role in capturing and modeling complex 
dependencies within the data.

The control parameter � =
(
�13;2, �23, �12

)
 for the vine 

copula corresponds to a set of density (conditional) pair 
copulas 

(
c13;2, c23, c12

)
 , and it can be optimized using a 

sequential approach that involves the inversion of Ken-
dall’s τ correlation coefficient (Seq-Itau) or sequential 
maximum likelihood estimation (Seq-MLE), and joint 
maximum likelihood estimation (Joint-MLE). Seq-Itau 
and Seq-MLE employ similar strategies to sequentially 
optimize the control parameters. In these strategies, the 
parameters for the density pair copulas c23 and c12 are first 
optimized using the inversion of Kendall’s τ correlation 
coefficient (Itau) or the MLE. Subsequently, the remain-
ing density conditional pair copula c13;2 is optimized using 
either the Itau or the MLE method (Czado and Nagler 
2022b).

In the Itau approach, the parameter � is estimated as 
� = C−1

(
�̂
)
 , where C−1 represents the inverse function of 

the distribution (conditional) pair copula C , and �̂  is the 
empirical coefficient of Kendall’s � correlation (Czado 
2019). Conversely, the MLE approach is determined as 
follows:

(7)
c
(

u1, u2, u3;�
)

= c13;2
(

C1|2
(

u1|u2
)

,C3|2
(

u3|u2
)

;�13;2
)

× c23
(

u2, u3;�23
)

× c12
(

u1, u2;�12
)

.

(8)h1|2
(
u1|u2

)
= C1|2

(
u1|u2

)
=

�

�u2
C12

(
u1, u2

)
, and

(9)

h3|2
(
u3|u2

)
= C3|2

(
u3|u2

)
=

�

�u2
C32

(
u3, u2

)
, respectively.

and � is the parameter from the possible set Θ (Czado 
2019).

Differently, the Joint-MLE optimizes the parameter 
� =

(
�13;2, �23, �12

)
 by maximizing the joint likelihood as 

follows:

and � is the parameter set of the possible set � (Czado 
and Nagler 2022b).

However, under pair copula decompositions and con-
structions, the vine copula produced is not unique, given 
the existence of two other distinct vine copulas for the case 
of the dimension d = 3 (Czado and Nagler 2022b). The 
other two 3D vine copulas with different decompositions 
are presented as:

The vine copulas described in Eqs. (7), (14), and (15) 
can also be visualized using a tree sequence (Czado 2019). 
In graph theory, a tree is an undirected graph in which any 
two vertices are connected by exactly one path. The set of 
trees V =

(
T1, T2,⋯ , Td−1

)
 generally represents a d-dimen-

sional vine copula, known as a regular vine tree sequence, 
if it satisfies the following conditions:

1.	 Each tree Ti =
(
Ni,Ei

)
 is connected. In other words, for 

all nodes a, b ∈ Ti , i = 1, 2,⋯ , d − 1 , there exists a path 
n1, n2,⋯ , nk , where 

{
n1, n2,⋯ , nk

}
⊂ Ni with a = n1 and 

b = nk.
2.	 The node and edge sets for the first tree T1 are 

N1 = {1, 2,⋯ , d} and E1 , respectively.
3.	 For i ≥ 2 , the node and edge sets for the tree Ti are 

Ni = Ei−1 and Ei , respectively.

(10)MLE = max
�∈Θ

{
�(�;u)

}
,where

(11)�(�;u) =
N∏
j=1

cab
(
ua,j, ub,j;�

)
,

(12)Joint −MLE = max
�∈�

{
�(�;u)

}
,where

(13)
(�;u) =

N
∏

j=1
c13;2

(

C1|2
(

u1,j, u2,j
)

,C3|2
(

u3,j, u2,j
)

;�13;2
)

× c23
(

u2,j, u3,j;�23
)

× c12
(

u1,j, u2,j;�12
)

,

(14)

c
(

u1, u2, u3;�
)

= c12;3
(

C1|3
(

u1|u3
)

,C2|3
(

u2|u3
)

;�12;3
)

× c13
(

u1, u3;�13
)

× c23
(

u2, u3;�23
)

, and

(15)

c
(

u1, u2, u3;�
)

= c23;1
(

C2|1
(

u2|u1
)

,C3|1
(

u3|u1
)

;�23;1
)

× c12
(

u1, u2;�12
)

× c13
(

u1, u3;�13
)

.
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4.	 For i ≥ 2 , the edge {a, b} ∈ Ei must share a common 
node, such that |a ∩ b| = 1 . This condition is also known 
as the proximity condition (Czado 2019).

A vine copula with a regular vine tree sequence is also 
referred to as a regular vine copula. For example, the regular 
vine tree sequences for Eqs. (7), (14), and (15) are provided 
in the rows of Fig. 1.

Based on the specific structure provided by its tree 
sequence, a regular vine copula is classified as either a 
canonical vine copula, a drawable vine copula, or both. A 
regular vine copula earns the designation of a canonical 
vine copula if, for each tree Ti , there exists one root node 
c ∈ Ni , such that |||

{
e ∈ Ei|c ∈ e

}||| = d − i , where d is the 
dimensional of the vine copula. In a canonical vine tree 
sequence, there exists one root node with a maximal 

Fig. 1   The regular vine tree 
sequences for Eqs. (11), (18), 
and (19) are shown from top to 
bottom
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degree in each tree. Moreover, a regular vine copula is 
categorized as a drawable vine copula if, for each node 
c ∈ Ni , the node satisfies |||

{
e ∈ Ei|c ∈ e

}||| ≤ 2 . Thus, every 
node in a drawable vine tree sequence has a degree of one 
or two.

The first row in Fig. 1 depicts a regular vine copula, clas-
sified as a canonical vine copula. This categorization is 
based on its tree sequence, which follows a root node order 
of 213; where Tree T1 has a root node of 2, and Tree T2 has 
a root node of either 1 or 3. Additionally, this same regular 
vine copula is identified as a drawable vine copula due to its 
tree sequence having a node order of 123. In this context, the 
nodes in Tree T1 can be arranged horizontally in the order 
1, 2, and 3.

3 � Sample data

Similar to other countries, Malaysia is also grappling 
with air pollution (Manga and Awang 2018; Usmani et al. 
2020). The Department of Environment (DOE) regularly 
monitors air pollution in Malaysia using a composite index 
called the API. The API is continuously measured at 19 
different sites, covering rural areas like Jerantut and Kapit, 
urban areas such as Cheras and Shah Alam, suburban areas 
including Muar and Tanjung Maling, and industrial areas 
like Klang, Kuala Lumpur, and Kuching. The API com-
prises five major air pollutants: carbon monoxide (CO), 
ozone (O3), nitrogen dioxide (NO2), sulfur dioxide (SO2), 
and fine particles measuring less than 10 µm (PM10) 
(Afroz et al. 2003). CO, O3, NO2, and SO2 are measured 
in the parts per million (ppm), while PM10 is measured in 
micrograms per cubic meter (μg/m3).

The calculation of the Air Pollution Index (API) is 
rooted in the Pollution Standard Index (PSI), a globally 
accepted standard endorsed by the United States Environ-
mental Protection Agency (USEPA). The method involves 
computing the average for each pollutant within distinct 
time frames, as different exposure periods are deemed 
acceptable for human health, resulting in varied concen-
tration breakpoints. The exposure periods for different pol-
lutants are as follows: CO (8 h), O3 (8 h), NO2 (1 h), SO2 
(1 h), PM10 (24 h). To standardize the average concentra-
tion of each pollutant over the specified period, a specific 
mathematical formula is applied, generating a non-unitary 
value known as a sub-index. The formulas are provided 
below:

(16)

std(CO) =

⎧⎪⎨⎪⎩

CO × 11.11111, if CO < 9 ppm,

100 + {[CO − 9] × 16.66667}, if 9 ≤ CO < 15 ppm,

200 + {[CO − 15] × 6.66667}, if 15 ≤ CO < 30 ppm,

300 + {[CO − 30] × 10} if CO ≥ 30 ppm.

The API reading is then determined by selecting the high-
est relative sub-index. Notably, in Malaysia, API readings 
are often influenced by the concentration of particulate mat-
ter, which tends to be the dominant pollutant, especially dur-
ing episodes of haze.

In this study, API data for Klang were acquired from the 
DOE and selected for analysis using the vine copula approach. 
Globally, Klang ranks as the 13th and 16th busiest city for 
transshipment and container ports, respectively (AL-Dhurafi 
et al. 2018b). With trade activities amounting to millions 
of ringgits, Klang stands as the primary industrial center of 
Malaysia. However, despite its economic prominence, Klang 
faces more severe air pollution episodes than other major cit-
ies, a consequence of rapid industrialization and dense urban-
ization (Masseran et al. 2016; Masseran and Safari 2020a). 
The selection of Klang as the study area is deliberate, driven 
by its propensity to experience more frequent and intense 
air pollution events compared to other cities. This strategic 
choice ensures the availability of a more substantial number of 
unhealthy air pollution events, providing enhanced sample data 
for understanding Klang's air pollution situation and facilitat-
ing more accurate risk assessments for extreme air pollution 
events. Figure 2 illustrates the hourly API data spanning from 
January 1, 1997, to August 31, 2020.

Utilizing the obtained API data, unhealthy air pollution 
events were initially identified using a threshold at the 100 
API level, indicating that the air quality is deemed hazardous 
to health conditions, see Table 1 (AL-Dhurafi et al. 2018a). 
The escalation in the API value, as outlined in Table 1, cor-
responds proportionally to the impact on public health status. 

(17)

std
�
O3

�
=

⎧
⎪⎨⎪⎩

O3 × 1000, if O3< 0.2 ppm,

200 +
��
O3 − 0.2

�
× 500

�
, if 0.2 ≤ O3< 0.4 ppm,

300 +
��
O3 − 0.4

�
× 1000

�
, if O3 ≥ 0.4 ppm.

(18)

std
(

NO2
)

=

⎧

⎪

⎪

⎨

⎪

⎪

⎩

NO2 × 588.23529, if NO2 < 0.17 ppm,

100 +
{[

NO2 − 0.17
]

× 232.56
}

, if 0.17 ≤ NO2 < 0.6 ppm,

200 +
{[

NO2 − 0.6
]

× 166.667
}

, if 0.6 ≤ NO2 < 1.2 ppm

300 +
{[

NO2 − 1.2
]

× 250
}

, if NO2 ≥ 1.2 ppm.

(19)std
(

SO2
)

=

⎧

⎪

⎪

⎨

⎪

⎪

⎩

SO2 × 2500, if SO2 < 0.04 ppm,

100 +
{[

SO2 − 0.04
]

× 384.61
}

, if 0.04 ≤ SO2 < 0.3 ppm,

200 +
{[

SO2 − 0.3
]

× 333.333
}

, if 0.3 ≤ SO2 < 0.6 ppm,

300 +
{[

SO2 − 0.6
]

× 500
}

, if SO2 ≥ 0.6 ppm.

(20)

std
(

PM10
)

=

⎧

⎪

⎪

⎪

⎨

⎪

⎪

⎪

⎩

PM10, if PM10 < 50 g∕m3,

50 +
{[

PM10 − 50
]

× 0.5
}

, if 50 ≤ PM10 < 350 �g∕m3,

200 +
{[

PM10 − 350
]

× 1.4286
}

, if 350 ≤ PM10 < 420 �g∕m3,

300 +
{[

PM10 − 420
]

× 1.25
}

, if 420 ≤ PM10 < 500 �g∕m3,

400 +
[

PM10 − 500
]

, if PM10 ≥ 500 �g∕m3.
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This allows for a comprehensive assessment and control of 
risks associated with extreme air pollution events, particularly 
noteworthy at an API exceeding 300, signifying a potential 
public health crisis. Malaysia has declared emergencies during 
severe haze incidents, where the current API has surpassed 
500 (Aghamohammadi and Isahak 2018; Othman et al. 2014).

Consequently, unhealthy air pollution events were iden-
tified as nonoverlapping periods during which API values 
exceeded 100. Subsequently, severity, intensity, and dura-
tion were computed for each unhealthy air pollution event. 
Let API =

{
xt|t ∈ T

}
 represent the obtained API data, 

where xt is the API value at time t , T  is the index period, 
and UEj =

{
xt|t ∈ Tj

}
⊂ API represents the j th recorded 

unhealthy air pollution event. For j = 1, 2,⋯ ,N , the period for 
the j th unhealthy air pollution event Tj =

{
t|xt > 100

}
⊂ T . 

The corresponding severity, intensity, and duration for the j th 
period Tj were determined as follows:

In this study, the value of N is 301, aligning with the 301 
unhealthy air pollution events recorded in Klang from January 
1, 1997, to August 31, 2020. Figure 3 demonstrates the process 
of determining the severity, intensity, and duration of the first 
three unhealthy air pollution events.

(21)

sevj =
∑
t∈Tj

xt(sum of allAPI valueswithin the periodTj),

(22)
intj = max

t∈Tj

{
xt
}
(maximumAPI value

within the periodTj
)
, and

(23)durj =
|||Tj

|||(cardinality of the periodTj).

Fig. 2   API in Klang and the threshold indicating unhealthy air pollution events

Fig. 3   Determining the dura-
tion, severity, and intensity 
of the first three unhealthy air 
pollution events (highlighted 
in red)
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4 � Methodology

This study explored three characteristics—intensity, duration, 
and severity—associated with unhealthy air pollution events, 
obtained from the API. Starting with these characteristics’ 
data, Fig. 4 illustrates the research flow methodology used in 
this study to perform risk assessments for extreme air pollution 
events in Klang, Malaysia using vine copula.

For simplicity, the intensity, duration, and severity data 
are denoted as X1 =

{
x1,j|j ∈ I

}
 , X2 =

{
x2,j|j ∈ I

}
 , and 

X3 =
{
x3,j|j ∈ I

}
 respectively, where I = {1, 2,⋯ ,N} is an 

indexing set. To facilitate vine copula modeling, the original 
data were transformed into copula data through the probabil-
ity integral transformation (PIT). By applying the PIT, for 
k = 1, 2, 3 and j ∈ I , the j th copula observation for the k th 

data is represented as uk,j = F̂k

(
xk,j

)
 , where F̂k is the empirical 

distribution function defined as

and xk,j denotes the j th original observation for the k
-th data. Consequently, copula data U1 =

{
u1,j|j ∈ I

}
 , 

U2 =
{
u2,j|j ∈ I

}
 , and U3 =

{
u3,j|j ∈ I

}
 were obtained for 

intensity, duration, and severity, respectively.
In this study, preliminary analysis was conducted to ini-

tially examine the original data and copula data. For the 
original data X1 , X2 , and X3 , descriptive statistics were 
applied to provide early statistical information about the 
data. Additionally, the original data was also analyzed 

(24)F̂k

(
xk,j

)
=

1

N + 1

N∑
j=1

1{x≤xk,j}, for allx ∈ Xk,

Fig. 4   Research methodology 
flow
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using histograms and probability fits from nonparametric 
density functions such as the empirical probability density 
function (epdf) (Mendenhall et al. 2012) and kernel density 
estimator (kde) with different kernels (Gaussian, cosine, 
optocosine, and triangular) (Sen 2011; Silverman 2018). To 
assess whether these density functions exhibited a similar 
continuous one-dimensional probability distribution, further 
analysis, including QQ plots and the Kolmogorov–Smirnov 
test, was carried out. Using the obtained copula data U1 , 
U2 , and U3 , preliminary analyses were then performed using 
marginal histograms, pair plots, empirical Kendall’s τ cor-
relation coefficients, and normalized contour plots. These 
analyses were conducted to understand the marginal and 
pairwise dependency behaviors provided by the obtained 
copula data. In worth to note here that the empirical distribu-
tion function used in this study to obtain copula data, being a 
nonparametric model, did not require any parameter estima-
tion process prior to its fitting. The reasons for applying the 
empirical distribution function have been mentioned in the 
fifth paragraph of the next section.

The appropriate regular vine tree sequence for the cop-
ula data obtained in vine copula modeling was determined 
using Dissman’s structure selection algorithm. Dissman’s 
algorithm employed Kendall’s � correlation coefficient to 
measure the strength of dependence and constructed each 
tree in a regular vine tree sequence by fitting the strongest 
dependencies first. In this algorithm, the maximal spanning 
tree algorithm was used with weights denoted by empirical 
Kendall’s � correlation coefficients between any copula data 
pair to build the tree T1 . Consequently, the pair copula data 
with the highest weight were sequentially chosen to form the 
structure of tree T1.

It is crucial to highlight that, in the context of vine cop-
ula modeling, a two-step parameter estimation process was 
essential. Initially, the estimation process involved determin-
ing parameters for pair copula models, which function as 
components within the vine copula model. The first param-
eter estimation process is discussed in the following para-
graph. Subsequently, another parameter estimation process 
was undertaken to optimize the parameters of the vine cop-
ula model itself, utilizing the Joint-MLE Eq. (12), as elabo-
rated upon in the 8th paragraph. Returning to the specifics 
of vine copula modeling, the most well-fitted pair copula 
models for all the pair copula data were determined once tree 
T1 was formed. All the parametric pair copula models listed 
in Table 2 were considered to determine the most well-fitted 
pair copula model.

In the initial parameter estimation process, we fitted all 
models from Table 3 to each pair of copula data in tree T1 . 
The parameters of these models were then optimized using 
the MLE method Eq. (10). Subsequently, all fitted mod-
els were compared based on their Akaike’s Information 

Criterion (AIC) scores to determine the most well-fitted 
pair copula model. The model with the lowest AIC score 
was considered superior to the others and classified as the 
most well-fitted pair copula model. The AIC of a pair copula 
model was measured as follows:

Table 2   List of considered parametric pair copula models

Number Copula model Number of 
parameter 
(s)

1 Independence 0
2 Gaussian 1
3 Student t 2
4 Clayton 1
5 Gumbel 1
6 Frank 1
7 Joe 1
8 BB1 2
9 BB6 2
10 BB7 2
11 BB8 2
12 Survival Clayton 1
13 Survival Joe 1
14 Survival BB6 2
15 Survival BB8 2
16 Rotated Clayton 90 degrees 1
17 Rotated Gumbel 90 degrees 1
18 Rotated Joe 90 degrees 1
19 Rotated BB1 90 degrees 2
20 Rotated BB6 90 degrees 2
21 Rotated BB7 90 degrees 2
22 Rotated BB8 90 degrees 2
23 Rotated Clayton 270 degrees 1
24 Rotated Gumbel 270 degrees 1
25 Rotated Joe 270 degrees 1
26 Rotated BB1 270 degrees 2
27 Rotated BB6 270 degrees 2
28 Rotated BB7 270 degrees 2
29 Rotated BB8 270 degrees 2
30 Tawn type 1 2
31 Rotated Tawn type 1 180 degrees 2
32 Rotated Tawn type 1 90 degrees 2
33 Rotated Tawn type 1 270 degrees 2
34 Tawn type 2 2
35 Rotated Tawn type 2 180 degrees 2
36 Rotated Tawn type 2 90 degrees 2
37 Rotated Tawn type 2 270 degrees 2
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where k is the number of parameters of the considered pair 
copula.

All possible edges allowed by the proximity condition 
were considered in constructing the tree T2 . Each possible 
edge had an associated pair of pseudo copula data, wherein 
two pseudo copula data were obtained using the h func-
tion Eqs. (8) and (9). For each pair of pseudo copula data, 
the corresponding Kendall’s � correlation coefficient was 
determined and used as a weight for selecting the maximal 
spanning tree for tree T2 . Subsequently, all of the most well-
fitted conditional pair copulas in tree T2 were selected using 
the AIC Eq. (25), wherein their parameters were formerly 
optimized by the MLE Eq. (10).

Vine copula modeling was completed by implementing 
the RVineStructureSelect function provided in the R-pack-
age VineCopula. After establishing the regular vine tree 
sequence and identifying the best-fitted (conditional) pair 
copula models, the second parameter estimation process 
involved optimizing the obtained vine copula model using 
the Joint-MLE Eq. (12) to determine the most appropri-
ate parameters for the model. Refs. (Czado 2019; Czado 
and Nagler 2022a) reported that the Joint-MLE provides 
better parameter estimates than the other two alternative 
approaches of Seq-Itau and Seq-MLE (Sect. 2). The Joint-
MLE computation was performed using R-package Vine-
Copula through the RVineMLE function.

The log-likelihood, AIC, and Bayesian’s information cri-
terion (BIC) of the optimized vine copula were computed to 
observe its fitting performance. For the copula observations 
uj =

(
u1,j, u2,j, u3,j

)
 , the log-likelihood of the 3D vine copula 

with two trees ( T1 and T2 ) and corresponding edge sets ( E1 
and E2 ) was determined as follows:

where cr(e),s(e);D(e) denotes the bivariate copula density asso-
ciated with an edge e and parameter �r(e),s(e);D(e) . The two 
pseudo copula data Cr(e)|D(e) and Cs(e)|D(e) in Eq. (26) were 
determined using the h function defined in Eqs. (8) and (9). 

(25)AIC = −2

N∑
j=1

ln
[
c
(
ui,j, ui,j;�

)]
+ 2k,

(26)
loglik =

N
∑

j=1

2
∑

l=1

E2
∑

E1

ln
[

cr(e),s(e);D(e)
(

Cr(e)|D(e)
(

ur(e)|uD(e)
)

,

Cs(e)|D(e)
(

us(e)|uD(e)
)

;�r(e),s(e);D(e)
)]

,

The formula for the AIC of the 3D vine copula with the log-
likelihood [ loglik , Eq. (26)] is given as follows:

The BIC of the 3D vine copula with the log-likelihood 
[ loglik , Eq. (26)] is presented as

where N is the number of copula observations. In Eqs. (27) 
and (28), k is the number of parameters of the 3D vine cop-
ula. The log-likelihood, AIC, and BIC were estimated herein 
using R-package VineCopula through the RVineLogLik, 
RVineAIC, and RVineBIC functions, respectively (Scheps-
meier et al. 2015).

Based on the obtained vine copula model, the dependency 
between intensity, duration, and severity was determined 
using Kendall’s t correlation coefficient. Kendall’s t correla-
tion of the obtained vine copula was determined as follows:

where �r,s is Kendall’s � correlation coefficient of a pair cop-
ula or a conditional pair copula Eq. (4). Another important 
information related to dependency that can be determined by 
a vine copula are the coefficients of the upper tail and lower 
tail dependencies obtained as follows:

where �upperr,s  and �lower
r,s

 are the upper and lower tail 
dependence coefficients, respectively, of a pair copula or a 
conditional pair copula Eqs. (5) and (6). In practice, based 
on the obtained vine copula model, the coefficients of Eqs. 
(29)–(31) can be applied to measure the central dependency, 
the probability of the joint occurrence of extremely large 
values, and probability of the joint occurrence of extremely 
small values, respectively.

(27)AIC = −2(loglik) + 2k.

(28)BIC = −2(loglik) + log(N)(k),

(29)
� =

1(
d

2

)
∑
r≠s

�r,s,

(30)
�upper =

1(
d

2

)
∑
r≠s

�upper
r,s

, and

(31)
�lower =

1(
d

2

)
∑
r≠s

�lower
r,s

,

Table 3   Descriptive statistics of 
severity, intensity, and duration 
data

Variable Mean Median Min. Value Max. Value SD Skewness Kurtosis

Intensity 125.11 112 100 543 44.77 5.61 44.97
Severity 2241.76 231.27 100 36,677 4948.3 3.92 20.92
Duration 16.74 2 1 224 31.91 3.24 15.73
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The obtained vine copula was also applied to perform a 
simulation, utilizing the Rosenblatt transform and its inverse 
(Czado and Nagler 2022b). In the simulation, the Rosenblatt 
transform initially mapped a copula vector U =

(
u1, u2, u3

)
 

with a vine copula C into another corresponding vector 
V =

(
v1, v2, v3

)
= R(U) that containing independent uniform 

variables. The transformation function R is given as follows:

for i ∈ {1, 2, 3} , where Ci|i−1,⋯,1 is the conditional distribu-
tion of Ui given UD = Ui−1,⋯ ,Ui . Secondly, the correspond-
ing inverse operation R−1(V) = U converts independent uni-
form variables V into a vector U with the vine copula C . This 
inverse operation is provided as

for i ∈ {1, 2, 3} . During computation, the conditional distri-
butions and inverses in the transformations were effectively 
computed using recursion over the conditional distributions 
associated with the pair copulas in the model (Czado 2019). 
The same technique was employed to conditionally stimulate 
from a vine copula model, provided that the required con-
ditional distributions can be expressed by pair copula terms 
without needing integration (Czado and Nagler 2022b). The 
simulation process in this study was conducted using the 
RVineSim function of R-package VineCopula, resulting in 
the generation of 20 datasets (Schepsmeier et al. 2015). Each 
dataset contained the three characteristics of unhealthy air 
pollution events, namely intensity, duration, and severity, 
with each characteristic having a sample length of 1000 
stimulated copula observations.

All 60,000 stimulated copula observations were trans-
formed back into the corresponding 60,000 observations in 
the original scale through discrete inverse sampling. Let us 
assume that X (a set of N observations for each intensity, dura-
tion, and severity) was a discrete random variable, such that 
the probability P

(
X = xj

)
= pj . Given a copula observation 

u ∈ U , such that U ∼ uniform(0, 1) , through discrete inverse 
sampling, we could search for index q as follows:

Therefore, the corresponding observation in the original 
scale (i.e., the scale of the random variable X ) for the copula 
observation u was xq ∈ X , which was observed at the q posi-
tion, where X was sorted in an ascending order based on the 
probability pj values. Consequently, the corresponding 20 new 
datasets were obtained. Each dataset contained 1000 observa-
tions for intensity, duration, and severity in their original scale.

The five risk measures related to extreme air pollution 
events, namely, joint probability, conditional probability of 

(32)Vi = Ci|i−1,⋯,1

(
Ui|Ui−1,⋯ ,Ui

)
,

(33)Ui = C−1
i|i−1,⋯,1

(
Ui|Ui−1,⋯ ,Ui

)
,

(34)
q−1∑
j=1

pj ≤ u <

q∑
j=1

pj.

severity based on the given intensity and duration, joint OR 
return period of unhealthy air pollution event characteristics, 
joint AND return period of unhealthy air pollution event 
characteristics, and conditional return period of severity 
based on the given intensity and duration, were determined 
for each dataset. In practice, the first two probability meas-
ures could benefit the authorities by providing them with 
useful information related to the behaviors of the air pollu-
tion severity based on certain levels of air pollution intensity 
and duration, particularly during the extreme air pollution 
event. The remaining return period measures were imple-
mented to estimate the return periods of unhealthy air pol-
lution events. These return period measures served as a basis 
for planning and developing monitoring systems to manage 
the risk associated with the co-occurrence of the average 
recurrence interval time and the unhealthy air pollution 
event,, particularly during the extreme air pollution event.

The joint probability of severity, intensity, and duration, 
conditional probability of severity based on the given inten-
sity and duration, joint OR return period of unhealthy air 
pollution event characteristics, joint AND return period of 
unhealthy air pollution event characteristics, and conditional 
return period of severity based on the given intensity and 
duration for each dataset were computed as follows:

where E(L) is the expected unhealthy air pollution event 
interarrival time that can be estimated from the N observed 
unhealthy air pollution events. The probability involved in 
Eqs. (35)–(39) was empirically computed as the chance of an 
air pollution event to occur based on the simulated dataset.

The values of parameters sev , int , and dur in Eqs. 
(35)–(39), which accordingly corresponded to the levels of 
severity, intensity, and duration, were varied at some values. 
The level for sev was specifically varied in six different val-
ues as sev ∈ {100, 1000, 10, 000, 20, 000, 30, 000, 35, 000} . 
Meanwhile, the level for int was altered to six different 
values, such that int ∈ {100, 180, 260, 340, 420, 500} . The 
dur level was also changed by six different values, which 
resulted in dur ∈ {1, 45, 89, 133, 177, 221} . All possible 

(35)PjointAND = P(S ≥ sev, I ≥ int,D ≥ dur),

(36)PS|I,D = P(S ≤ sev|I ≥ int,D ≥ dur),

(37)RPjointOR =
E(L)

P(S ≥ sevorI ≥ intorD ≥ dur)
,

(38)RPjointAND =
E(L)

P(S ≥ sev, I ≥ int,D ≥ dur)
, and

(39)

RPS|I,D =
E(L)

P(I ≥ int,D ≥ dur)
×

1

P(S ≥ sev, I ≥ int,D ≥ dur)
,
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level combinations associated with the three characteristics 
(sev, int, dur) were applied to compute the risk measures. A 
total of 216 combinations for the triple (sev, int, dur) were 
obtained.

Therefore, all risk measures in Eqs. (35)–(39) were com-
puted for each dataset and combination of (sev, int, dur) . For 
each combination of (sev, int, dur) and each risk measure, 
the statistical metrics such as average, median, first quar-
tile, third quartile, and interquartile range (IQR) were then 
determined based on the corresponding risk measure values 
obtained from 20 datasets. Concerning practicality in these 
statistical metrics, the computed values were valuable in pro-
viding new insights and inferences regarding the behaviors 
of extreme air pollution events in the most affected areas, 
especially in Klang, Malaysia.

5 � Results

In this study, the investigation focused on modeling the 
characteristics of unhealthy air pollution events—specifi-
cally, intensity, duration, and severity—to assess the risks 
associated with extreme air pollution events, employing a 
vine copula model. Before the vine copula modeling, a pre-
liminary analysis utilizing descriptive statistics for severity, 
intensity, and duration was conducted to offer early insights 
into the characteristics. Table 3 displays the descriptive sta-
tistics for severity, intensity, and duration data.

In Table 3, both the mean and median values for all char-
acteristics leaned towards the minimum value rather than the 
maximum value. This observation implies that the majority 
of the data concentrated on the left side of the range, rather 
than being evenly distributed across the intermediate value. 
The standard deviation indicated a notable deviation from 
the mean, signifying that the data were spread over a broader 
range compared to the mean. Moreover, the data exhib-
ited skewness, with a majority of values accumulating at 
extremely low levels, as evidenced by the skewness measure. 
The kurtosis measure further underscored an asymmetrical 
distribution. Figure 5 visually illustrates frequency plots for 
the intensity, duration, and severity data, emphasizing their 
skewed and asymmetrical characteristics.

In this study, nonparametric models, specifically the 
empirical probability density function (epdf) and the ker-
nel density estimator (kde) utilizing various kernel func-
tions (Gaussian, cosine, optocosine, and triangular), were 
applied to the characteristics data. The analysis involved fit-
ting these models, comparing them through histogram plots 
and probability density fits, and employing the QQ plot and 
the two-sample Kolmogorov–Smirnov test. Results indicated 
that the kde with a Gaussian kernel exhibited a distribu-
tion similar to the epdf. However, the kde with other kernel 
functions (cosine, optocosine, and triangular) demonstrated 

distinct distributions from the epdf. A thorough analysis of 
these nonparametric models is provided in our supporting 
document. Despite the considerations regarding the kde, the 
empirical distribution function was chosen in this study to 
generate copula data. This decision was influenced by three 
main reasons:

•	 Reliability of parametric distributions: Parametric distri-
butions such as Exponential, Gamma, Lognormal, and 
Weibull distributions were reported as unreliable for 
representing similar data (Masseran 2021a). This led to 
the suggestion of the empirical distribution function as a 
suitable alternative for multivariate copula modeling.

•	 Computational ease and inverse function possession: The 
empirical distribution function is easy to compute and 
possesses an inverse function, specifically the discrete 
inverse sampling method.

•	 Support from literature: The current review paper and 
introduction book in vine copula modelling (Czado 2019; 
Czado and Nagler 2022a) also recommended the empiri-
cal distribution function for this purpose.

As a result, the original data for each characteristic 
underwent transformation into the corresponding copula 
data using the PIT approach with an empirical distribution 
function Eq. (24). The diagonal of Fig. 6 illustrates the mar-
ginal distributions of the copula data. When focusing on 
the marginal distributions, the plots located on the diagonal 
reveal that the copula data are primarily distributed in an 
approximately uniform manner. These copula data served 
as the input for the vine copula model. Consequently, this 
model has a tri-variate dependence structure represented as 
a function that does not depend on the marginal effects.

For the preliminary analysis of the copula data, each pair 
of copula data underwent analysis based on pair distribu-
tions, normalized contour plots, and Kendall’s � correlation 
coefficients. The distributions and Kendall’s � correlation 
coefficients for each pair were presented above the diagonal 
in Fig. 6, while the normalized contour plots were positioned 
below the diagonal in the same figure. Upon focusing on the 
pair distributions and Kendall’s � correlation coefficients, 
all pair data exhibited a positive dependence, signifying 

Fig. 5   Frequency plots for the intensity, duration, and severity data
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that these pairs were positively correlated and tended to 
move in a similar rank. The relationship between severity 
and duration showed the strongest positive dependence of 
0.89, followed by the association of intensity and severity 
(0.55). The lowest correlation was observed in the relation-
ship between intensity and duration (0.39). The normalized 
contour plots indicated that all pairs displayed nonelliptical 
symmetry, suggesting the consideration of asymmetric pair 
copula models.

The vine copula for the copula data was subsequently 
developed using Dissman’s structure selection algorithm, 
specifically the maximal spanning tree algorithm with Ken-
dall’s τ correlation coefficients as weights for each tree 
structure. Given that the data used in this study were three-
dimensional, the vine copula comprised two trees. The first 
tree had three nodes and two edges, while the second tree 
had two nodes with one connecting edge (Fig. 1). Follow-
ing Dissman’s algorithm, the highest Kendall’s tau correla-
tion coefficient, representing the strongest dependency, was 
initially chosen to develop the tree structure. In Fig. 6, the 
correlation coefficients provided by Kendall’s τ in ascending 
order were 0.89 (duration and severity), 0.55 (intensity and 
severity), and 0.39 (intensity and duration). Consequently, 
the first tree structure involved three nodes represented by 
the three obtained copula data, and its two edges were rep-
resented by the pair relationships of (duration and severity) 
and (intensity and severity) due to their higher correlations. 
The first column of Fig. 7 illustrates the structure of Tree 1.

Following the construction of Tree 1, an appropriate pair 
copula model to fit each pair relationship within this tree 
was determined using the MLE and the AIC [Eqs. (10) and 
(25), respectively]. The MLE was employed to optimize 

parameter selection for all considered parametric pair copula 
models (Table 2), while the AIC was utilized to select the 
best model to represent each pair. As depicted in Fig. 7, the 
best-fitted models for the pair relationships of (duration and 
severity) and (intensity and severity) were identified as the 
Joe (J) and Rotated Tawn type 2, 180 degrees (Tawn2_180) 
copulas, respectively. Table 4 provides details on these two 
pair copula models. For the pair relationship of (duration and 
severity), Table 4 indicates that the optimal parameter for 
the Joe copula is 11.81. The pair exhibited a strong depend-
ency of 0.85, with the model scoring 441.84 in the MLE and 
-881.68 in the AIC. The Rotated Tawn type 2 180 degrees 
for the pair relationship of (intensity and severity) had two 
optimized parameters of 4.70 and 0.58, a moderate depend-
ency of 0.49, an MLE score of 159.57, and an AIC score of 
-315.14.

The second tree featured only one possible conditional 
pair, eliminating the need for Dissman’s algorithm. In con-
trast to the previous tree, the second tree structure com-
prised two nodes, representing the two pair relationships 
in the first tree. The edge connecting these nodes repre-
sented the conditional pair relationship between them. The 
second column of Fig. 7 illustrates Tree 2. The h func-
tion, MLE, and AIC were employed to determine the most 
well-fitted conditional pair copula model for describing the 
conditional pair relationship in Tree 2. The h function gen-
erated the pseudo copula data before modeling was carried 
out by any considered parametric pair copula model listed 
in Table 2. The MLE and the AIC were implemented with 
the same objective mentioned earlier. Table 5 indicates 
that the best-fitted model for the conditional relationship 
is the Rotated BB8 90 degrees copula. This model had 

Fig. 6   Marginal distributions 
(along the diagonal), pair 
distributions with Kendall’s � 
correlation coefficient (above 
the diagonal), and normal-
ized contour plots (below the 
diagonal) of the copula data of 
intensity, duration, and severity
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two optimized parameters of − 5.68 and − 0.80, a moder-
ate dependency of − 0.58, an MLE score of 126.80, and an 
AIC score of − 249.60.

The vine copula model, as depicted in Fig. 7 and detailed 
in Tables 5 and 6, underwent optimization using the Seq-
MLE optimization method. Alternatively, parameter opti-
mization for this vine copula model was carried out using 
the Joint-MLE approach. Subsequently, the two optimization 
approaches were compared in terms of determining the best 

vine copula model based on log-likelihood, AIC, and BIC 
measures. The Vuong test was also conducted to assess fit-
ting similarities between the two approaches. The results of 
these two comparisons are presented in Table 6. Based on 
the criteria (log-likelihood, AIC, and BIC measures), the 
Joint-MLE (730.14, − 1450.28, and − 1431.74, respectively) 
provided a superior vine copula model compared to the 
Seq-MLE (728.21, − 1446.42, and − 1427.89, respectively). 
The statistics of the Vuong test for these two approaches 

Fig. 7   Regular vine tree 
sequence of the obtained vine 
copula model

Table 4   Best-fitted pair copulas 
in Tree 1

Tree Pair The best copula model Par Par. 2 � MLE AIC

1 (Sev, Dur) Joe (J) 11.81 – 0.85 441.84 − 881.68
1 (Int, Sev) Rotated Tawn type 2 180 

degrees (Tawn2_180)
4.70 0.58 0.49 159.57 − 315.14

Table 5   Best-fitted conditional 
pair copula in Tree 2

Tree Conditional pair The copula best model Par Par. 2 � MLE AIC

2 (Dur, Int; Sev) Rotated BB8 90 degrees (BB8_90) − 5.68 − 0.80 − 0.58 126.80 − 249.60

Table 6   Comparisons of the 
two optimization methods 
employed

Optimization method Log-likelihood AIC BIC Vuong test p-value 
of Vuong 
test

Joint-MLE 730.14 − 1450.28 − 1431.74 − 0.74 0.46
Seq-MLE 728.21 − 1446.42 − 1427.89
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were − 0.74 with a corresponding p-value of 0.46. At the 5% 
significance level test, the latter comparison showed insuf-
ficient evidence to reject the null hypothesis (i.e., the two 
approaches have the same fitting), leading to the conclusion 
that the approaches have same fittings.

Considering the log-likelihood, AIC, and BIC meas-
ures, the vine copula model optimized by the Joint-MLE 
method was selected for further interpretation of the tri-
variate relationship involving the severity, intensity, and 
duration of unhealthy air pollution events. This model was 
also employed for conducting a risk assessment of extreme 
air pollution events in Klang. Table 7 provides a summary 
of the components, optimized parameters obtained through 
Joint-MLE, and dependency coefficients of the resulting 
vine copula model. Although a minor discrepancy was 
identified in the optimal parameters obtained via Joint-MLE 
(Table 7) compared to those from Seq-MLE (Tables 5 and 
6), their Kendall’s τ correlation coefficients were identical. 
This suggests that the regular vine tree sequence of the vine 
copula model optimized by the Joint-MLE can be accurately 
represented by Fig. 7.

In the first row of Table 7, the Kendall’s τ correlation 
coefficient for the Joe copula model of the (severity, dura-
tion) pair was 0.85, indicating a strong positive dependence. 
This suggests that the pair exhibited a high level of correla-
tion and predominantly moved in the same order. Table 7 
also provides the lower (Ltd) and upper (Utd) tail correla-
tion coefficients for the Joe copula model, which are 0.00 
and 0.94, respectively. The lower tail signifies a very rare 

probability of the joint occurrence of severity and duration 
related to unhealthy air pollution at extremely low values. 
Conversely, the upper tail indicates a high probability of the 
severity of unhealthy air pollution being at a very high level 
when this pollution occurs over an extended period. These 
characteristics are clearly illustrated in Fig. 8, where the 
density in the upper tail domain is significantly higher than 
in other domains. This observation underscores the impor-
tance for authorities to carefully consider these properties for 
effective control and monitoring of unhealthy air pollution 
events in Klang.

As illustrated in the second row of Table 7, the Kendall’s 
τ correlation coefficient for the Rotated Tawn type 2 180 
degrees copula model of the (intensity, severity) pair was 
0.49, indicating a moderate dependency strength, suggest-
ing that the pair is likely to move in the same direction. 
The Ltd and Utd coefficients for this copula model were 
0.55 and 0.00, respectively. The Ltd value suggests that the 
simultaneous occurrence of intensity and severity related to 
unhealthy air pollution, which occurred at exceptionally low 
values, has an intermediate probability of 0.55. Additionally, 
the Utd value implies that the joint manifestation of extreme 
severity and intensity in Klang is notably infrequent, as indi-
cated by a probability of 0.00. Figure 9 illustrates the density 
plot (left) and contour plot (right) of the Rotated Tawn type 
2 180 degrees copula model for the intensity and severity 
relationship.

As observed in the last row of Table 7, for the conditional 
pair of (duration, intensity; severity), the obtained Rotated 

Table 7   Components of the 
obtained vine copula model 
optimized by the Joint-MLE

Tree (Conditional) Pair The copula best model Par Par. 2 � Ltd Utd

1 (Sev, Dur) Joe (J) 12.30 – 0.85 0.00 0.94
1 (Int, Sev) Rotated Tawn type 2 180 degrees 

(Tawn2_180)
5.38 0.56 0.49 0.55 0.00

2 (Dur, Int; Sev) Rotated BB8 90 degrees (BB8_90) − 6.00 − 0.77 − 0.58 0.00 0.00

Fig. 8   Density plot (left) and 
contour plot (right) for the Joe 
copula model applied to the 
(severity, duration) pair
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BB8 90 degrees copula model had a negative Kendall’s τ 
correlation coefficient of − 0.58. This implies that this condi-
tional pair was negatively correlated, and their values mostly 
moved in opposite ranks. The obtained model also provided 
zero coefficients for both lower and upper tails. In either 
the lower or upper tail parts, given the certain condition 
of air pollution severity, the probability of the joint occur-
rence of duration and intensity in these tail domain areas was 
extremely low. Figure 10 illustrates these properties.

The obtained vine copula model, combining all the previ-
ously mentioned components, is expressed as follows:

where the components of cInt,Dur;Sev , cInt,Sev , and cDur,Sev are 
represented by Joe, Rotated Tawn type 2 180 degrees, and 
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Rotated BB8 90 degrees, respectively (Table 7). Dependency 
measurements including Kendall’s � correlation and lower 
and upper tail dependency coefficients, for the tri-variate 
relationships of intensity, duration, and severity were com-
puted in Eqs. (29)–(31), respectively. Consequently, Kend-
all’s � correlation and the lower and upper tail dependency 
coefficients for the tri-variate relationship were found to be 
0.26, 0.18, and 0.31, respectively (Table 8). In Table 8, the 
moderate positive correlation value (0.26) for the relation-
ship among intensity, duration, and severity indicated that 
these variables still tended to move in the same rank, imply-
ing that unhealthy air pollution severity was related to inten-
sity and duration. Furthermore, the upper tail dependency 
(0.31) was higher than the lower tail dependency (0.18), 

Fig. 9   Density plot (left) 
and contour plot (right) for 
the Rotated Tawn type 2 180 
degrees copula model applied to 
the (intensity, severity) pair

Fig. 10   Density plot (left) and 
contour plot (right) for the 
Rotated BB8 90 degrees copula 
model applied to the condi-
tional pair (duration, intensity; 
severity)

Table 8   Dependency coefficients of the obtained regular vine copula

Method Kendall’s � Ltd Utd

Vine copula model 0.26 0.18 0.31
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suggesting that the probability of the joint occurrence of 
intensity, duration, and severity related to unhealthy air 
pollution at extremely high values was higher than that 
at extremely low values. Therefore, a further risk assess-
ment of extreme air pollution events is deemed significantly 
necessary.

A simulation study based on the Rosenblatt transform 
(Eq. 32) and its inverse (Eq. 33) was conducted to generate 
20 datasets using the obtained vine copula model. Each 
dataset consisted of three samples of intensity, duration, 
and severity, with each sample comprising 1000 simulated 
copula observations. Subsequently, all 60,000 stimulated 
copula observations were transformed back into the corre-
sponding 60,000 observations in the original scale through 
discrete inverse sampling (Eq. 34). As a result, 20 new 
datasets were obtained, with each dataset containing 1000 
observations for intensity, duration, and severity in the 
original scale.

Five risk measures, namely, the joint probability of 
severity, intensity, and duration, conditional probability 
of severity based on the given intensity and duration, joint 
OR return period of unhealthy air pollution event charac-
teristics, joint AND return period of unhealthy air pollu-
tion event characteristics, and conditional return period of 
severity based on the given intensity and duration, were 
determined for each dataset. All possible level combina-
tions associated with the three characteristics (sev, int, dur) 
were applied to compute the risk measures. For each 
combination of (sev, int, dur) and each risk measure, the 
statistical metrics such as average, median, first quartile, 
third quartile, and IQR were then determined based on 
the corresponding risk measure values obtained from 20 
datasets. In this study, these statistical metrics (average, 
median, first quartile, third quartile, and IQR) were uti-
lized to assess the risks related to extreme air pollution 
events in Klang.

The comprehensive outcomes encompassing joint prob-
ability of severity, intensity, and duration, conditional prob-
ability of severity based on the given intensity and duration, 
joint OR return period of unhealthy air pollution event char-
acteristics, joint AND return period of unhealthy air pol-
lution event characteristics, and conditional return period 
of severity based on the given intensity and duration, are 
detailed in the supporting document. For risk assessments 
on extreme air pollution events purposes, the computed 
average is first employed. After that, the dynamics of the 
average, median, and IQR during extreme levels of severity, 
intensity, and duration are observed to understand extreme 
air pollution events better. The two discussions on the risk 
assessments on extreme air pollution events are consecu-
tively provided in below paragraphs.

The comprehensive results encompassing joint prob-
abilities of severity, intensity, and duration, conditional 

probabilities of severity based on the given intensity and 
duration, joint OR return period of unhealthy air pollution 
event characteristics, joint AND return period of unhealthy 
air pollution event characteristics, and conditional return 
period of severity based on the given intensity and duration, 
are detailed in the supporting document. Initially, for the 
purpose of risk assessments on extreme air pollution events, 
the computed average is utilized. Subsequently, the dynam-
ics of the average, median, and IQR during extreme levels 
of severity, intensity, and duration are observed to enhance 
the understanding of extreme air pollution events. The two 
discussions on the risk assessments of extreme air pollution 
events are sequentially provided in the paragraphs below.

The initial analysis involves utilizing the computed aver-
age for conducting risk assessments on extreme air pollution 
events. By using the average, Tables 9, 10, 11, 12, and 13 
below present the top five highest averages of the joint prob-
abilities, top five highest averages of the conditional prob-
abilities, top five lowest averages of the joint AND return 
periods, top five lowest averages of the joint OR return peri-
ods, and top five lowest averages of the conditional return 
periods, respectively.

Table 9 reveals that the highest average (1.00) of the joint 
occurrence probability of S ≥ sev , I ≥ int , and D ≥ dur is 
provided by the values of ( int , dur , sev ) at (100, 1, 100). In 
practical terms, a joint probability of 1 implies that every 
instance in the stimulated data involves levels of S , I , and 
D equal to or greater than (100, 1, 100). Consequently, the 
most prevalent ground-level unhealthy air pollution occurs 
at the lowest threshold of (100, 1, 100). It's noteworthy that, 
while this represents a significant concern, these pollution 
levels are still considered less severe than extreme air pol-
lution events causing public health issues ( I ≥ 300) or haze 
emergencies ( I ≥ 500). This is followed by a 0.32 average 
provided by the second joint probability of (100, 1, 1000), 
indicating that the joint occurrence of I ≥ 100 , D ≥ 1 , and 
S ≥ 1000 is also likely to occur. The third and fourth aver-
ages (0.12) are given by the joint probabilities of (100, 45, 
100) and (100, 45, 1000), respectively. Therefore, at I ≥ 100 
and D ≥ 45, an unhealthy air pollution event with S ≥ 100 
or S ≥ 1000 has the same possibility of occurrence. Lastly, 

Table 9   Top five highest averages of the joint occurrence probabili-
ties

Num Intensity Duration Severity Top 5 
highest 
averages

1 100 1 100 1.00
2 100 1 1000 0.32
3 100 45 100 0.12
4 100 45 1000 0.12
5 100 1 10,000 0.06
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the joint occurrence of I ≥ 100 , D ≥ 1 , and S ≥ 10, 000 can 
also occur in Klang with a low 0.06 probability. In summary, 
unhealthy air pollution events exceeding the minimum level 
(100, 1, 100) are likely to occur in the city.

Examining Table 10, the highest average (1.00) of the 
conditional probability for the occurrence of S ≤ sev , given 
that I ≥ int and D ≥ dur , is associated with the ( int , dur , 
sev ) values of (100, 1, 35,000). In this context, when the 
conditional probability is 1, it signifies that all simulated 
data instances display I and D levels equal to or exceed-
ing 100 and 1, respectively, resulting in a S level less than 
35,000. Thus, it is highly likely to observe a severity level 
below 35,000 when the intensity level is greater than or 
equal to 100, and the duration level is greater than or equal 
to 1. The second average (0.99) is derived from the condi-
tional probability of (100, 1, 30,000), indicating a strong 
chance of the 30,000-severity level occurring when the 
intensity level is greater than or equal to 100 and the dura-
tion level is greater than or equal to 1. This pattern persists 
with the third (100, 1, 20,000) and fourth (100, 1, 10,000) 
conditional probabilities, boasting strong occurrence rates 
at 0.98 and 0.94, respectively. Finally, the fifth conditional 
probability average (0.68) corresponds to (100, 1, 1000). 
As the intensity level surpasses 100 and the duration level 
exceeds 1, the probability of air pollution severity reaching 
levels of 35,000, 30,000, 20,000, 10,000, or 1000 decreases 
in that order.

In this study, return period measures based on certain 
probabilities were also investigated. Table 11 displays the 

top five lowest averages of the joint AND return periods. The 
highest average (106) in the table corresponds to the joint 
AND return periods of the level set ( int , dur , sev ) at (100, 
1, 100). The probability of the joint occurrence of ( int , dur , 
sev ) equal to or greater than (100, 1, 100) is 1 , leading to the 
return period for this case (106) being equal to E(L) , which 
represents the expected unhealthy air pollution event interar-
rival time. This is followed by the second average (330.40) 
provided by the level set ( int , dur , sev ) of (100, 1, 1000). 
The third and fourth averages (871.51) are given by the joint 
AND return periods of (100, 45, 100) and (100, 45, 1000), 
respectively. Therefore, at I ≥ 100 and D ≥ 45, an air pollu-
tion event with S ≥ 100 or S ≥ 1000 shares the same return 
period. Lastly, the return period of the joint AND occurrence 
of I ≥ 100 , D ≥ 1 , and S ≥ 10, 000 is 1765.19. In summary, 
unhealthy air pollution events in Klang that exceed the mini-
mum level (100, 1, 100), have the lowest return period. Note 
that the return period in Table 11 is inversely related to that 
in Table 9. Hence, if a probability from Table 9 is higher, 
then the corresponding return period in Table 11 is lower, 
approaching the E(L) value of 106 in this work.

Table 12 presents the results obtained from the joint OR 
return periods, which are the top five lowest averages. In 
this case, all joint OR return periods share a common value, 
which is E(L) , specifically 106. The results reveal that the 
joint OR probabilities of (100, 1, 100), (100, 1, 1000), (100, 
1, 10,000), (100, 1, 20,000), and (100, 1, 30,000) are very 
likely to occur, as this numerical analysis assigns a probabil-
ity of 1 to each. Consequently, their joint OR return periods 

Table 10   Top five highest averages of the conditional probabilities

Num Intensity Duration Severity Top 5 
highest 
averages

1 100 1 35,000 1.00
2 100 1 30,000 0.99
3 100 1 20,000 0.98
4 100 1 10,000 0.94
5 100 1 1000 0.68

Table 11   Top five lowest averages of the joint AND return periods

Num Intensity Duration Severity Top 5 
lowest 
averages

1 100 1 100 106.00
2 100 1 1000 330.40
3 100 45 100 871.51
4 100 45 1000 871.51
5 100 1 10,000 1765.19

Table 12   Top five lowest averages of the joint OR return periods

Num Intensity Duration Severity Top 5 
lowest 
averages

1 100 1 100 106.00
2 100 1 1000 106.00
3 100 1 10,000 106.00
4 100 1 20,000 106.00
5 100 1 30,000 106.00

Table 13   Top five lowest averages of the conditional return periods

Num Intensity Duration Severity Top 5 
lowest 
averages

1 100 1 100 106
2 100 1 1000 330.4014
3 100 1 10,000 1765.188
4 100 1 20,000 4453.46
5 100 45 100 7191.52
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are 106, indicating that the joint OR occurrences of the men-
tioned level sets ( int , dur , sev ) have a higher return period 
and are most likely to recur in Klang.

Table 13 lists the top five lowest averages of the con-
ditional return periods. The highest conditional return 
period (106.00) in this table is associated with the level 
set ( int , dur , sev ) at (100, 1, 100). In other words, the 
product of the joint probabilities P(I ≥ 100,D ≥ 1) and 
P(S ≥ 100, I ≥ 100,D ≥ 1) equals 1 (happens almost cer-
tainly), resulting in the conditional return period being iden-
tical to the E(L) value, which is 106 (very highly to occur 
again). Following this, the second conditional return period 
average (330.40) is attributed to the level set ( int , dur , sev ) 
of (100, 1, 1000). The third conditional return period average 
(1765.19) is derived from the level set ( int , dur , sev ) of (100, 
1, 10,000). The more extended conditional return period 
(4453.46) is associated with the level set ( int , dur , sev ) of 
(100, 1, 20,000). Lastly, the last average of the conditional 
return period (7191.52) is provided by the level set ( int , dur , 
sev ) of (100, 45, 100). Based on these outcomes, the most 
likely conditional unhealthy air pollution event to occur 

again in Klang is provided by the level set ( int , dur , sev ) of 
(100, 1, 100). Given I ≥ 100 and D ≥ 1 , the return period 
for the upcoming unhealthy air pollution with S ≥ 100 is at 
a higher reoccurrence level of 106 days.

To enhance our comprehension of the dynamics of 
extreme air pollution events, the average, median, and inter-
quartile range (IQR) during extreme levels of severity, inten-
sity, and duration are also examined and analyzed. These 
extreme levels of severity, intensity, and duration are defined 
as sev ∈ {20, 000, 30, 000, 35, 000} , int ∈ {340, 420, 500} , 
and dur ∈ {133, 177, 221} , respectively. The outcomes 
of these examinations, pertaining to joint probabilities of 
severity, intensity, and duration, conditional probabilities of 
severity based on the given intensity and duration, joint OR 
return period of unhealthy air pollution event characteristics, 
joint AND return period of unhealthy air pollution event 
characteristics, and conditional return period of severity 
based on the given intensity and duration, are presented in 
Fig. 11 until Fig. 15 below.

Figure 11 illustrates the dynamics of joint occurrence 
probabilities for extreme air pollution events, presented 

Fig. 11   Dynamics of joint occurrence probabilities for extreme air pollution events depicted through mean (top row), median (middle row), and 
IQR (bottom row)
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through mean (top row), median (middle row), and inter-
quartile range (IQR) (bottom row). In the top row, utilizing 
the mean, the recorded probabilities range from a minimum 
of 0.00020 to a maximum of 0.00205. Additionally, the 
plots in this row demonstrate a decrease in joint occurrence 
probabilities as the levels of severity, intensity, and dura-
tion increase. Moving to the middle row and employing the 
median, the recorded probabilities vary from a minimum of 
0 to a maximum of 0.002. Similar to the mean, the medians 
indicate a decline in recorded probabilities with increasing 
levels of severity, intensity, and duration. Results from both 
central tendency measures, mean and median, consistently 
indicate that more extreme air pollution events are less likely 
to occur compared to less extreme air pollution events. In 
this study, the IQR, representing the statistical dispersion 
between the first quartile and the third quartile, is employed 
for the bottom row. Using the IQR, the dispersion in joint 
occurrence probabilities ranges from a minimum of 0 to a 
maximum of 0.002. Furthermore, the IQRs reveal a reduc-
tion in the dispersion of joint occurrence probabilities as 
severity, intensity, and duration increase. This suggests that 

more extreme air pollution events exhibit a lower IQR, sig-
nifying lower variability in joint occurrence probabilities 
compared to less extreme air pollution events.

Figure 12 illustrates the dynamics of conditional prob-
abilities for extreme air pollution events, presented through 
mean (top row), median (middle row), and interquartile 
range (IQR) (bottom row). In the top row, utilizing the mean, 
the recorded probabilities range from a minimum of 0 to a 
maximum of 0.0016. Discounting the first plot (as it shares 
identical probabilities), the subsequent two plots in this row 
reveal a general reduction in conditional probabilities with 
increasing levels of severity, intensity, and duration. Moving 
to the middle row and employing the median, the recorded 
probabilities vary from a minimum of 0 to a maximum of 
0.001. Similar to the mean, the medians suggest a decrease 
in recorded probabilities with rising levels of severity, inten-
sity, and duration, with the exception of the first plot. Over-
all, both central tendency measures (mean and median) con-
sistently show that extreme air pollution events with higher 
severity levels are less likely to occur compared to those 
with lower severity levels. For the bottom row, utilizing 

Fig. 12   Dynamics of conditional probabilities for extreme air pollution events depicted through mean (top row), median (middle row), and IQR 
(bottom row)
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the IQR, the dispersion in conditional probabilities ranges 
from a minimum of 0 to a maximum of 0.002. Furthermore, 
excluding the first plot, the IQRs demonstrate a reduction in 
the dispersion of conditional probabilities as severity, inten-
sity, and duration increase. This implies that extreme air 
pollution events with higher severity levels exhibit a lower 
IQR, indicating decreased variability in conditional prob-
abilities compared to extreme air pollution events with lower 
severity levels.

Figure 13 illustrates the dynamics of joint AND return 
periods for extreme air pollution events, represented through 
mean (top row), median (middle row), and interquartile 
range (IQR) (bottom row). In the top row, utilizing the 
mean, the recorded return periods range from a minimum of 
63,992.59 to a maximum of 99,375. Additionally, in general, 
the plots in the first row suggest an increase in joint AND 
return periods with elevated levels of severity, intensity, 
and duration. Moving to the middle row and employing the 
median, the recorded return periods vary from a minimum 
of 53,000 to a maximum of 106,000. Similar to the mean, 
the medians indicate an increase in recorded return periods 

with rising levels of severity, intensity, and duration, except 
for the last plot, which displays a similar return period. The 
results from both central tendency measures (mean and 
median) consistently indicate that more extreme air pollution 
events are less likely to recur compared to less extreme air 
pollution events. For the bottom row, using the IQR, the dis-
persion in joint AND return periods ranges from a minimum 
of 0 to a maximum of 70,666.67. The IQRs also reveal that 
the dispersion of joint AND return periods is mostly varied 
and does not exhibit a specific pattern as severity, intensity, 
and duration increase. This suggests that extreme air pol-
lution events can exhibit different variability depending on 
their severity, intensity, and duration levels.

Figure 14 illustrates the dynamics of joint OR return peri-
ods for extreme air pollution events, presented through mean 
(top row), median (middle row), and interquartile range 
(IQR) (bottom row). In the top row, employing the mean, the 
recorded return periods range from a minimum of 3384.907 
to a maximum of 20,739.4. Additionally, the plots in the 
first row indicate an increase in joint OR return periods with 
higher levels of severity, intensity, and duration. Moving 

Fig. 13   Dynamics of joint AND return periods for extreme air pollution events depicted through mean (top row), median (middle row), and IQR 
(bottom row)
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to the middle row and utilizing the median, the recorded 
return periods vary from a minimum of 3312.5 to a maxi-
mum of 17,666.67. Similar to the mean, the medians suggest 
an increase in recorded return periods with escalating levels 
of severity, intensity, and duration. Results from both central 
tendency measures (mean and median) consistently demon-
strate that more extreme air pollution events are less likely to 
recur compared to less extreme air pollution events. For the 
bottom row, using the IQR, the dispersion in joint OR return 
periods ranges from a minimum of 778.4163 to a maximum 
of 11,830.36. However, in contrast to previous observations, 
the IQRs reveal an increase in the dispersion of joint OR 
return periods as severity, intensity, and duration increase. 
This implies that more extreme air pollution events exhibit 
a higher IQR, indicating increased variability in joint OR 
return periods compared to less extreme air pollution events.

Figure 15 below illustrates the dynamics of conditional 
return periods for extreme air pollution events, presented 
through mean (top row), median (middle row), and inter-
quartile range (IQR) (bottom row). In the top row, uti-
lizing the mean, the recorded return periods range from 

a minimum of 46,059,524 to a maximum of 90,100,000. 
Additionally, the plots in the first row suggest a general 
increase in conditional return periods with higher levels 
of severity, intensity, and duration. Moving to the mid-
dle row and employing the median, the recorded return 
periods vary from a minimum of 26,500,000 to a maxi-
mum of 106,000,000. Similar to the mean, the medians 
indicate an increase in recorded return periods with esca-
lating levels of severity, intensity, and duration. Results 
from both central tendency measures (mean and median) 
consistently demonstrate that extreme air pollution events 
with higher severity levels are less likely to recur com-
pared to extreme air pollution events with lower severity 
levels. For the bottom row, using the IQR, the dispersion 
in conditional return periods ranges from a minimum of 
0 to a maximum of 94,222,222. However, unlike previ-
ous observations, the IQRs reveal a varied dispersion 
of conditional return periods that does not follow a spe-
cific pattern as severity, intensity, and duration increase. 
This implies that extreme air pollution events can exhibit 

Fig. 14   Dynamics of joint OR return periods for extreme air pollution events depicted through mean (top row), median (middle row), and IQR 
(bottom row)
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different variability depending on their severity, intensity, 
and duration levels.

In summary, the outcomes derived from the simulation 
study, based on the derived vine copula and risk assessment 
of extreme air pollution events, reveal that these extreme 
air pollution events are not consistently associated with the 
highest values of joint and conditional probabilities. This 
suggests that extreme values observed across different char-
acteristics do not necessarily coincide. Additionally, the 
analysis of return period measures indicates that extreme air 
pollution events typically exhibit very long waiting periods, 
making their recurrence in Klang, Malaysia, infrequent. This 
encouraging finding implies that the management of extreme 
air pollution events in Klang, Malaysia, remains within man-
ageable limits. Consequently, it is crucial for authorities to 
persist in their efforts to mitigate the risks associated with 
extreme air pollution events. The complexity of air pollution 
behaviors, as highlighted by previous studies (Alyousifi et al. 
2018; Amato et al. 2020; West et al. 2021; Yu et al. 2011). 
Moreover, the essential means to effectively combat air pol-
lution involves the implementation of practical strategies 

advocated in previous literature. This includes regulatory 
actions and industrial controls, the establishment of robust 
public transportation programs, and a dedicated effort to 
transition to cleaner energy sources (Jonidi Jafari et al. 2021; 
Kumar and Gupta 2016; Mukhopadhyay and Pandit 2014; 
Ou et al. 2020; Yu et al. 2019). This undertaking to control 
and manage extreme air pollution events plays a critical role 
in maintaining a continuous supply of clean air, preserving 
our environment, and mitigating potential adverse effects on 
the economy and public well-being.

6 � Conclusion

This study conducted a risk assessment for extreme air 
pollution events in Klang, Malaysia, utilizing vine copula 
modeling. Three characteristics of unhealthy air pollution 
events—intensity, duration, and severity—were examined. 
Firstly, these characteristics were analyzed through pre-
liminary analysis. Following that, an empirical distribution 
function was employed to generate the copula data for the 

Fig. 15   Dynamics of conditional return periods for extreme air pollution events depicted through mean (top row), median (middle row), and IQR 
(bottom row)
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vine copula modeling. Subsequently, a vine copula model 
was developed and applied to capture the dependency struc-
ture of the tri-variate relationship of intensity, duration, and 
severity.

The vine copula, a flexible and tractable multivariate 
copula constructed using pair (conditional) copulas as its 
structural components, proves more potent than standard 
multivariate distributions and copulas, particularly in mod-
eling tail behaviors related to extreme air pollution events. 
In this study, thirty-seven different types of parametric pair 
copula models were considered as components for the vine 
copula. The optimization of the vine copula model fitting 
employs a two-step parameter estimation process. In the ini-
tial step, parameters for parametric pair copula models are 
determined, and subsequently, the second step focuses on 
optimizing the parameters of the vine copula model itself. In 
this second step, two fitting approaches, namely sequential 
maximum likelihood estimation and joint maximum likeli-
hood estimation, are utilized. These two approaches are later 
compared based on criteria such as log-likelihood, Akaike’s 
information criterion, and Bayesian’s information criterion 
to determine the most well-fitted vine copula model.

To evaluate the occurrence risk of extreme air pollu-
tion events in Klang, dependency measures were computed 
based on the most well-fitted vine copula model, includ-
ing Kendall’s � correlation coefficient, lower tail depend-
ency, and upper tail dependency coefficients. Additionally, 
a comprehensive risk assessment of extreme air pollution 
events in Klang was conducted through a simulation study. 
Consequently, the obtained vine copula was simulated, and 
five statistical measures for assessing extreme air pollu-
tion events were proposed. These risk assessment measures 
encompass joint probability, conditional probability, joint 
AND return period, joint OR return period, and conditional 
return period. Furthermore, statistical metrics including 
average, median, first quartile, third quartile, and interquar-
tile range (IQR) were calculated based on the risk assess-
ment measures. This process contributes to offering new 
insights and inferences concerning the behaviors of extreme 
air pollution events, particularly in the most affected areas 
such as Klang, Malaysia.

The preliminary analysis results highlight the inter-
connected nature of the studied characteristics. Notably, 
air pollution severity demonstrates a significantly strong 
dependency on both intensity and duration. Following the 
model fitting evaluation, it is evident that the vine copula 
with components represented by the Joe, Rotated Tawn 
type 2 180 degrees, and Rotated BB8 90 degrees copulas 
is the optimal model for fitting the tri-variate relationship 
of intensity, duration, and severity. The positive Kend-
all's τ correlation coefficient (0.26) for the obtained vine 
copula indicates that higher values of one characteristic 
are likely to be associated with higher values of the other 

characteristics, and vice versa. Furthermore, the upper tail 
dependence coefficient (0.31) is greater than the lower tail 
dependence coefficient (0.18). This implies that the char-
acteristics exhibit stronger dependence in the upper tail 
of their distribution. This underscores the significance 
of conducting risk assessments for extreme air pollution 
events, characterized by the extreme levels of severity, 
intensity, and duration.

For a more comprehensive risk assessment of extreme 
air pollution events in Klang, Malaysia, employing the five 
risk assessment measures, various properties of these events 
were documented. Notably, instances of extreme air pollu-
tion events occurring at elevated levels of intensity, severity, 
and duration are not necessarily correlated with the highest 
joint probability. Furthermore, extreme air pollution events 
characterized by extreme severity levels are also not associ-
ated with the highest values of conditional probability. These 
findings indicate that extreme levels of these distinct char-
acteristics do not always coincide. Moreover, the analysis of 
return period measures revealed that extreme air pollution 
events in Klang did not display a waiting period close to the 
minimum point of the return period, which was identified as 
106 days. In essence, extreme air pollution events in Klang 
were infrequent and required a considerable amount of time 
to recur.

In conclusion, while the air pollution level in Klang, 
Malaysia, is currently within manageable limits, it remains 
crucial for authorities to maintain vigilance in their ongo-
ing risk assessment efforts. Effectively mitigating the risks 
associated with extreme air pollution events demands a 
nuanced understanding of the complex behaviors inherent 
in air pollution dynamics, emphasizing the need for continu-
ous monitoring and proactive measures. Furthermore, the 
implementation of practical strategies recommended in the 
existing literature, such as regulatory actions and industrial 
controls, the establishment of robust public transportation 
programs, and a dedicated effort to transition to cleaner 
energy sources, is paramount. This concerted effort to con-
trol and manage extreme air pollution events assumes a criti-
cal role not only in ensuring a sustained supply of clean air 
but also in safeguarding our environment. Additionally, it 
serves as a proactive measure to mitigate potential adverse 
effects on the economy and public well-being. The commit-
ment to these measures is essential for the long-term health 
and sustainability of the region.

To enhance future risk assessment methodologies, 
researchers might consider incorporating the vine copula 
to encompass data from other variables closely linked to 
extreme air pollution events. Additionally, given the pro-
found impact of air pollution on health and businesses—
resulting in reduced workforce productivity, work absences, 
premature deaths, and diminished crop yields, leading to 
severe economic consequences—future investigations could 
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delve into the relationship between air pollution and eco-
nomic factors, utilizing the versatility of the vine copula. 
Moreover, exploring the performance of nonparametric vine 
copulas alongside their parametric counterparts in modeling 
air pollution data could provide valuable insights. Specific 
nonparametric copula densities, such as Beta kernel copula 
density, Bernstein estimator, and others, may be considered 
for comparison with parameter copula densities during vine 
copula construction. Furthermore, the approach employed 
in this study holds applicability beyond air pollution assess-
ment. It can be extended to evaluate risks associated with 
various natural disasters, including droughts, earthquakes, 
floods, hurricanes, and landslides. These events also pos-
sess the capacity to result in fatalities, property damage, and 
substantial social and environmental disruptions.
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